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Motivating Question

Let X be a smooth projective variety, and let C' be a general pointed curve of
genus g. Fix n general points {p;}_, in C'and {q¢;}_; in X. Let 8 € Hy(X,Z) be an
effective curve class on X.

How many morphisms f : C' — X are there in class § (i.e. f.([C]) = /) satisfying
the incidence condition f(p;) = ¢; for all ¢?

Background

Let X be a smooth projective variety over C, and let § € Hy(X, Z) be a non-zero
effective curve class.

Fix g,n > 0 such that
2 —2+n >0

so that M, ,,, the moduli space of smooth n-pointed genus g curves is a Deligne-
Mumford stack. Consider the moduli space of stable maps M, (X, 3) and let
M, (X, B) be the open subscheme of smooth maps. Consider the forgetful map

T Mg (X,8) = My, x X"
(f - (O Pitiem) = X) = (C,1pi}) X L (D) Fiep

Assume
dim(M, (X, 5)) = dim(M,, x X").

Suppose all the dominating components of M, (X, ) are generically smooth of
the expected dimension.

X

250 1S defined as

Then the geometric Tevelev degree Tev

Tevgf B = deg 7

Example

Logarithmic Tevelev Degrees with tangency conditions

Let C' be a genus g curve with n general points {p;}",.

= |f
X=P, B=d-[H], d>g+1, n=2d—g+1,
then
X
T@ngﬁ’nZQQ
= |f 1
-
X=P, p=d-[H], d>r(g+1), n= d—g+1,
T
then

T@V;fﬁ’n = (7” -+ ].)g
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Let X be a smooth, projective toric variety, and let D, C X be the torus-invariant
divisors, indexed by the maximal rays p € > (1) in the fan ) of X. The boundary
of X Is given by UpEZO) D, and its complement is the interior X° of X.

let B € Hy(X,Z) be an effective curve class, and let n > 3. On the maximal
ray p, suppose there are m, points, and let p, = (up,y)fil c N describes the
multiplicities at each of the points. Let

m = Z m,
pe(l)

denote the total number of points on the rays.

X P2 :upl — (37 67 1)

Hpy = (47 5)

> Hps = (2)
T, —

4o

3 § 1
) P1
2
P3

Now, consider n + m distinct points

(Pa Q) — ({pi}?:la {Qp,ypeZ(l)}Til) < (Pl)n+m.
Let Mp(X) denote the moduli space of log maps f : (P, P,Q) — X such that

K f*[]P)l] — 5,
= f maps p; to X° and f maps ¢, to the boundary of X with multiplicity g,

Let I denote the data of 3, the integer n, and the vectors u, specifying the tangency

profile of f along the boundary. Let n = "+ + 1. Consider the forgetful map

T . MF(X) — ./\/l())n x X"

Define (genus O) logarithmic Tevelev degree as

logTevﬁ( = deg 7.

Target Variety X, ; , .= Pp:(O° & O(—a))

Main Theorem [2]

Consider the space X = X, ;, where r,s > 1 and a > 0. Let I' denote the
tangency data for maps to X. Assume that n = =+ 1 > 3. If the inequalities

I.m;<n—1forallj=1,...,r+s+1,
2. 57 m; > (s — 1)(n — 1), and

T+5+
3. mo+ ) . amy < s(n—1)
holds, then
r+s+1 r+s+1 1M r+1
Pl S ms —1rin —1
logTeV%<: | | m;! | | | |Mj,u g2i=0 M T (n=1)=me (ZYO ]m ( )>

Otherwise, 1ogTev§<l"’S’a — (. The expression 0V is interpreted to equal 1.

Enumerativity of X = Bl 0.0.1)(P°)

A point x € X is given in coordinates as x = [x1xox3 : X124 : Xox5|. Fan of X is
given by

P5
P2 P4

P3 P1

A degree d map f : P! — X is given by five divisors {D;} and five sections g;
such that

"0 & HO(Pla O(d)(_Dl))’ g2 - HO(PIJ O(d)(_DQ))’
" g3 € HY(P', O(d)(—D; — Dy — D3)),
" g, € H'(PY, O(d)(—D; — D,)), g5 € H'(P*, O(d)(—Dy — Ds)).

In particular, f = [g19293 : 9194 : 9295).

Theorem [2]

A pointz € X, 4, Is given by r + s 4+ 2-tuple of complex numbers (yo, . . ., Yris+1)
such that for A € C*,
(ZIZ'(), L1y oo ey Lyl Lp42y - - - 7377”+S—l—1) ™~ (A_ax()a )\xla RIS )\ZET—H) Ly42,y - - - 7377“—|—8—l-1)
™~ ()\3707 L1y o5 Lyt )\x’r—l—Qa R )\ZET—I—S—H)

In particular,
T = |ToT] i LTy Tpaa ot Tpgstl]

Amap f: P! — X, is given by the data of r + s + 2 sections g; such that

" g1,...,9- € H'(P', O(b)),
" g0 € H'(P!, O(c — ab)), and
* Grios s Grrsst € HUPY, O(c)).

Here ¢ — ab > 0 and the triple (a, b, ¢) determines the curve class 5. In particular,

f=1909" - gogr1 Gra2 o Grasta).
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Consider the tangency data I' as given above. Suppose n = mT” > 3. 1f
max{mi + ms, my + mz, mo +my} < n—1,

then the formula aligns with the formula conjectured in [1], that is

5 5 m;
n—1—ms\ [(n—1—my
logTeve = | » .
ogtet = [Tt | (TTTTe ) ("7 ™) ("0 ™)

J=1 g=1 w=l

The inequalities do not cover all the possible cases, and a correct formula for the
remaining cases is still unknown. For instance, take

p1 = 2 = (1)7 U3 = (1717171)7 fogy 5 == (5)7
which gives m = 8, n = 5 and d = 6. Then logTev;: = 2400. But if we were to
substitute the values in the above formula, we would get 5400.
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